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1. A b s t r a c t  
Manipulators, 
A new class  o f  a s y m p t o t i c a l l y  s t a b l e  a d a p t i v e  c o n t r o l  laws is introduced f o r  a p p l i c a t i o n  t o  
l i n e a r i z a t i o n ,  or ad-hoc ssaunpt iona ,  and u t i l i z e s  a p s r a m e t e r i r a t i o n  based on phys ica l  ( t ime-  
i n v a r i a n t )  q u a n t i t i e s .  This  approach is made p o s s i b l e  by u s i n g  energy-l ike Lyapunov f u n c t i o n s  
t h e s e  r e s u l t s  t h a t  t h e  a d a p t i v e  forms a r i s e  by s t r a i g h t f o r w a r d  c e r t a i n t y  equivalence a d a p t a t i o n  
s t a b l e  c losed- loop  a d a p t i v e  systems.  Furthermore, i t  is emphasized t h a t  t h i s  approach does not  
r e q u i r e  convergence of t h e  par.lmeter e s t i m a t e s  ( 1 . e . .  v ia  p e r s i s t e n t  e x c i t a t i o n ) ,  i n v e r t l b i l i t y  
t h e  r o b o t i c  manipulator .  
manipula tors ,  t h i s  a n a l y s i s  a d d r e s s e s  t h e  n o n l i n e a r  dynamics d i r e c t l y  without  approximation.  
which re ta in  t h e  n o n l i n e a r  c h a r a c t e r  and s t r u c t u r e  o f  t h e  dynamics, r a t h e r  than s imple 
q u a d r a t i c  forms which a r e  u b i q u i t o u s  t o  t h e  a d a p t i v e  c o n t r o l  l i t e r i tu re ,  and which have bound 
t h e  theory  t i e h t l y  t o  l i n e a r  systems wi th  unknown parameters. I t  is a unique f e a t u r e  o f  
of t h e i r  nonadapt ive c o u n t r r p d r t s  found i n  t h e  companion t o  t h i s  paper  ( i . e . ,  by rep lac ing  
unknown q u a n t i t i e s  by t h e i r  e s t i m a t e s )  and t h a t  t h i s  simple approach Leads t o  a s y m p t o t i c a l l y  
of  t h e  mass mat r ix  es t lmate .  or meamrement of t h e  joint a c c e l e r a t i o n s .  
Unlike most a p p l i c a t i o n #  of adapt ive  c o n t r o l  theory t o  r o b o t i c  
1. I n t r o d u c t i o n  
I n  p a s t  years .  many p a p e r s  have appeared on t h e  s p  i c a t i o n  of adapt ive  c o n t r o l  t h e o r y  t o  robot ic  
manipula tors  ( c f . ,  [ 2 1 - [ 7 1 ,  and Hsia [E] f o r  overview . I t  is a genora l  proper ty  of a d a p t i v e  designs 
based on Lyapunov's Direct Method, t h a t  the Lyapunov func t ion  <e chosen a s  a s imple q u a d r a t i c  type,  well- 
known and w e l l  s t u d i e d  in t h e  s tandard  adapt ive  c m  r o l  l i t e r a t u r e  [12][11] .  Howewr. t h i s  p a r t i c u l a r  
Lyapunov f u n c t i o n  was o r i g i n a l l y  motivated f o r  app fca t iona  t o  t h e  s tandard  adapt ive  c o n t r a 1  problems 
( i . e . .  l i n e s r  systems wi th  unknown parameters ) ,  d not f o r  n o n l i n e a r  dynanical  systems. Hence, a p p l i c a t i o n s  
of s t a n d a r d  a d a p t i v e  c o n t r o l  techniques  t o  robo c manipula tors  i n v a r i a b l y  r e q u i r e  rhe dynamics t o  be cons idered  
a s  l i n e a r .  This  i n  t u r n ,  r e q u i r e s  t h e  use  of /'-hoc assumptions and/or  a n a l y s i s  techniques  including 
1) t r e a t m e n t  of  p a s i c t o n  dependent  q u a n t i t l e s , h  unknown c a n s t a n c s .  for which they  n u s t  be assumed to v a r y  
s lowly  w i t h  time; 2 )  l i n e a r i z a t i o n  of  t h e  system about  some l o c a l  o p e r a t i n g  poin t -va l id  o n l y  f o r  small 
e x c u r s i o n s  from nominal; I) t h e  use  of l i n e a i  decoupled models f o r  t h c  l i n k s ,  which n e g l e c t s  n o n l i n e a r i t i e s  
and crosscoupl ing  e f f e c t s ;  and 4) n e g l e c t i n g  t h e  nonl inear  and time-varying dynamics comple te ly  by assuming 
t h e  p l a n t  is l i n e a r .  Hence, s t a b i l i t y  r e s u l t s  based on t h e s e  assumptions a r e  ques t ionable .  and a r i g o r o u s  
proof  of s t a b i l i t y  f o r  a d a p t i v e  c o n t r o l  of r o b o t i c  manipula tors  remains unresolved.  
A r e c e n t  except ion t o  t h e  above c r i t i c i s m  is due t o  t h e  work of  Craig. Hsu and S a s t r y  191. Here, a 
u s e f u l  " l i n e a r  i n  t h e  parameters"  formula t ion  i s  explo i ted  t o  s i m p l i f y  the  a n a l y s i s .  and t o  demonstrate  g l o b a l  
convergence of an a d a p t i v e  v e r s i o n  o f  t h e  computed-torque c o n t r o l  law - without  approximation t o  t h e  n o n l i n e a r  
dynamics. However. t h e  r e s u l t i n g  a d a p t i v e  c o n t r o l l e r  r e q u i r e s  t h e  i n v e r t i b i l i t y  of t h e  mass matrix e s t i m a t e  
(which is not guaranteed a - p r i o r i ) ,  and measurement of the j o i n t  a c c e l e r a t i o n s  (which is g e n e r a l l y  u n a v a i l a b l e ) .  
I C  is WggeSted in [ 9 ] ,  t h a t  t h e  former can be handled by p r o j e c t i n g  parameter e s t i m a t e s  i n t o  know r e g i o n s  of 
parameter  space for which t h e  mass m a t r i x  i n v e r s e  e x i s t s .  and tn  which the  t r u e  parameters  d r e  required t o  l i e .  
However. knowledge and c a l c u l a t i o n  of  such reg ions  is not s t r a i g h t f o r w a r d  and appears  t o  b e  a weakness of t h e  
method. 
In t h i s  paper ,  t h e  " l i n e a r  i n  parameters"  formulat ion of [ 9 ] i s u s e d  i n  conjunct ion  w i t h  a d i f f e r e n t  
Lvapunov func t ion .  Here, t h e  choice  o f  Lyapunov func t ion  is -ore c l o s e l y  r e l a t e d  t o  the energy  of t h e  sys tem.  
and b e t t e r  r e t a i n s   ha n o n l i n e a r  scrucLure dIId Liidractrr of t h e  dynamics. In addi t ion .  m n y  problezs a s s o c i a t e -  
v i t h  a d a p t i n g  t h e  computed-torque c o n t r o l  law d i r e c t l y  a r e  avoided by making use  of t h e  new c l a s s  of exponentia1:v 
s t a b i l i z i n g  c o n r r o l l e r s  in t roduced  i n  [I]. Although these  c o n t r o l l e r s  a r e  very  s h i l a r  i n  form t o  t h e  computed 
t o r q u e  method. they  have many advantages  i n  t h e  nonadaptive c a s e  ( c f . .  [l]), and have t h e  unique proper ty  t h a t  
they  can be made a d a p t i v e  by u s i n g  a s t r a i g h t f o r v a r d  c e r t a i n t y  equiva lence  approach ( i . e . .  by rep lac ing  unknown 
q u a p t i t i e s  by t h e i r  on- l ine  e s t i m a t e s ) .  Furthermore. the c l a s s  of adapt ive  systems d e f i n e d  in t h i s  manner 
can  be shown t o  be a s y m p t o t i c a l l y  s t a b l e  T h i s  
approach does not  r e q u i r e  convergence of  parameter e s t i m a t e s  ( i . e . .  v i a  p e r s i s t e n t  e x c i t a t i o n ) .  i n v e r t i b i l i t y  
of t h e  mass mat r ix  e s t i m a t e ,  or measurement of  j o i n t  a c c e l e r a t i o n s .  
without  approximation t o  the  nonl inear  r a n i p u l a t o r  dynamics. 
I n  t h e  most recent 1i :erature  ( i . e . .  p r e p r i n t s ,  conference papers ,  e t c . )  t h e r e  a p p e a r s  t o  be o ther  work 
c u r r e n t l y  t a k i n g  p l a c e  which combines t h e  l i n e a r  i n  parameters  formulat ion wi th  a cew Lyapunov func t ion  [lo], 
[ll]. Although t h i s  work is very  new and is evolv ing  very  r a p i d l y .  we  w i l l  t r y  t o  c o n t r a s t  o u r  r e s u l t s  where 
p o s s i b l e .  and provide  an o v e r a l l  perspec t ive .  
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The f o r v t  of tho paper 1. aa folloua.  In  Set. 2 the r aau l t a  of [ l )  are reviewed and a t l Y r i z e d  
required for  t r o a t m n t  of the  Adaptive cont ro l  care  
of ayatema arbins from ce r t a in ty  equivnhnce adaptation of th. cont ro l  lm in [I]. 
the uin th rua t  of t he  paper i a  tha m a l y a i r  i n  Sec. 4 of tha adaptive e a p u t e d  torque r t h o d .  
the cmputed-torque con t ro l  law l a  vide ly  r r t eb l i ah rd  in the l i t e r a t u t a ,  .ad vide ly  appl ied  in prac.t iu,  
it i a  usefu l  t o  apply t h e  techniquar developed lmrein t o  m e  t o  w h a t  extant it can ba made Adaptive a d  t o  uhu 
extent a t a b i l i t y  can be guaranteed. In S.C. 5, aeveral  remarks ere u d e  per t inent  t o  th. n.Y d .p t iVe  deai*, 
and concluaiona Are given in Sac. 6. 
In Sec. 3, arymptotic a t a b i l i t y  i r  proved for t b  Clara 
S l i l h t l y  tAngWIt%Al t o  
Since 
2. Background and Rotation 
2.1 k n i p u l a t o r  Dynamic. 
The well-known Lagrange-Euhr equationa of motion for the  n-joint manipulator l a  given aa f o l l o w ,  
e 4 ith un i t  vector 1 
A 
k(ql) - gravi ty  load 
Here, ucRn i a  A generalized torque vector. 91, q , ;2cRn are ganer%lized jo in t  poait ion,  ve loc i ty  8r.d 
ac:eleracion vec tor ,  (..e.. q1 i a  An angle or A dfatanca f o r  a revolute or p r i m a t i c  joint, reapectively.  
H(ql)cRnXn i n  t he  ayllrmetric pos i t ive  d e f i n i t e  aaaa i n e r t i a  matrix; C(q1,q2)cRn i a  the Cor io l ia  and centr i -  
f u g a l  force vector;  and k(q1)cRn i a  the RrAVitAtfOIlAl load vector.  
2.2 Some Useful I d e n t i t i e s  
Uning the above notation. the following i d e n t i t i e r  a r e  quoted from [I] vi thout  proof. In these 
iden t i t i e s .  x. y and 
Iden t i ty  1 
are used t o  denote a rb i t r a ry  vectors of appropriate dimension, 
h(q1,q2)z - %(ql.z)q2 where vector  8 r b ~ r a r y  
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2.3 Impartant  M 
t h i a  r e a u l t  vi11 b e  a l t e r n a t i v e l y  r e f e r r e d  t o  aa tb. o - B ~ l 1  t.u due t o  tho w t h o d  uaed t o  prove it. 
I n  t h i a  a e c t i o a ,  a u a e f u l  1.nar. i a  r w i e v e d ,  quuced d i r e c t l y  without  proof f r o r  111. for ~ O r n n i O n C e .  
LIP. 2-1 (@-Ball L.rr) . 
Given a d y n u i c a l  a y s t a  
ii - fi(X1 ,... 5,t) , XiCR"i , t 2 0 
V(X1 ,...I 5.t' - 1 x: Pij(X1 ..... X j . t ) X j  , 
Ut f ' a  be  l o c a l l y  Lipachi t s  w i t h  reapec t  t o  XI, ..., xN uniformly in t on bounded i n t O N a h  and coatimou 
in t tor t 2 0. Suppoae a f u n c t i o n  V:Rnlx*"mN x 4 - 4 i a  l iven auch that 
N 
i , J -1  
V is p o a i t i v e  d e f i n i t e  in xl, . . . ,x, ,  
O(x ,....,%, t )  5 -  1 (ai - 1 y i j l I x j ( t ) I I  'J)IIxi(t>ll k 2 
j E I Z i  
> 0, I I IC (l,...,W) 
ij * 'ij 21 where ai, Y 
ht [ > 0 be auch t h a t ,  i 
F i l I X i l 1 2  .V(x,,....'k.t) 
L.t vo 9 V(X. (0). a .  * .xp) ,O) 
v +  
J E 1 2 i  v $  
I f  V i C I l .  
a i > 1 y i j ( q  
then  V Aic(O. ai - I: yiJ(? , 
jE Izi  
i ( x  l . . . . ,%,t) :- 1 a i  I I X ~ I I '  v t 2 0  
i C I l  
2 . 4  Exponent ia l ly  S t a b i l i z i n g  Control  Lows 
In  [ I ] ,  v a r i o u s  new exponent ia l ly  s t a b i l i z i n g  c w p e n o a t o r s  were int roduced for  b o t h  t h e  set-point  and 
t r a c k i n g  c o n t r o l  problems. 
t h i s  c l a s s  summarized ?n Table I. 
i n  Table  I for comparison purposes. 
chosen here  s imply as, 
For the  purposes of adaptive c o n t r o l ,  ic is of  i n t e r e s t  t o  c o n a i d e r  t h e  s u b s e t  of 
I n  addi t ion ,  the  wall-known computed torque c o n t r o l  ha. also been inc luded  
It i a  noted t h a t  the d e a i r e d  p o t e n t i a l  f i e l d  U*(Aql) uaed in [I] h ~ s  been 
C2.7) 
U*(Aql) - T 1 Aql* Kp:ql. 
so a s  n o t  t o  obscure  t h e  p r e s e n t a t i o n  with a d d i t i o n a l  o b s t a c l e  avoidance objec t ives .  
t h e  adapt ive  c o n t r o l  r e s u l t s  presented here in  a r e  e a s i l y  extended co t h e  more general  caee .  
Nevertheless .  many Of 
It is u s e f u l  to  observe t h a t  a l l  Control Lava 1-7 d i f f e r  from the cmputed  torque method i n  that the  maas 
m a t r i x  ! i ( q l )  doe. not  premul t ip ly  the  p o s i t i o n  and v e l o c i t y  feedback gain. % and 16 r e s p e c t i v e l y .  
p roper ty  is c r i t i c a l  s i n c e  i t  renders  thLs e n t i r e  c l a a a  of  c o n t r o l  lava amenable t o  s imple  adapta t ion  schemes 
(i.e.,  c e r t a i n t y  equivalence adapta t ion)  which can be shown t o  lead co d e s i r e d  aaymptotic s t a b i l i t y  propertie..  
The prerence of  t h e  mass m a t r i x  p r m u l t i p l i e r  otherwise p r e v e n t s  simple c a n c e l l a t i o n s  in t h e  Lyapunov f u n c t i o n  
d e T i v a t i v e ,  h inder ing  most a t t e m p t s  t o  apply adapt ive  c o n t r o l  d i r e c t l y  t o  t h e  nonl inear  dynamic Ynipul.tor 
cquacions.  
However, t h e  r e s u l t i n g  a d a p t a t i o n  law r e q u i r e s  that the es t imated  mass m a t r i x  be i n v e r t i b l e  f o r  a11 v a l u e s  of 
ea t imated  parameter.. 
bounded reg ions  of  parameter space  where Ff(q1) i m  not only  i n v e r t i b l e ,  bu t  vhere the t r u e  parameters a r e  
c e r t a i n  t o  l ie.  This approach not  only r e q u i r e s  t i s h t  bound. on parameter uncer ta in ty .  b u t  i w o l v e a  a v e r y  
d i f f i c u l t  (a1 h e i t  o f f - l ine)  de te rmina t ion  of t h e  proper parameter p r u j e c t i o n  domina.  This problem is 
f u r t h e r  exacerbated by t h e  f a c t  t h a t  the  adAptAtiOn law i a  not  parameterized by phys ica l  parameters and is 
of  t h e  form where t h e  t r s n a f o n m t i o n  beck t o  phys ica l  parameters  i a  n e i t h e r  s t ra ight forward  o r  unique. 
problema a r e  overcome in t h i a  paper  by uafng t h e  exponent ia l ly  s t a b i l i z i n g  contro; l a v s  of Table  I. v h i c h  do 
not involve a premult iplying maaa m t r h  on t h e  feedback gain.. 
This 
A r e c e n t  except ion t o  c h i s  can be found i n  che work of Craig. Hsu and Sascry 191. 








None Requl red 
qmln(Kv) suff ic ient ly  larue 
Y.C. t .  Inl t  la1 condlt lon 
omln(K suf f iclcnt ly larue 
Y . C . C .  Inltlel condltlon 
In t h e  nonadaptive case ,  compariaona b a t m e n  the nev c o n t r o l  laws of  Table I and t h e  c a p u t e d  torqw 
method can be found in [l]. In p a r t i c u l a r .  Control Law 1. 
2.3.4 a r e  roughly "on Pal" with t h e  computed torque mathod in the  nonadaptive case. guaranteeing exponanrl.1 
s t a b i l i t y  with no condi t ions  on Kp or K v -  
s u i t a b l e  f o r  a p p l i c a t i o n  of t h e  racura ive  Newton-Euhr cooputacion technique. 
t h e i r  aajor disadvantage.  
in a form s u i t a b l e  f o r  recurs ive  Newton-Eular computation. 
Law 5 utilizes t h e  d e s i r e d  v e l o c i t y  signal q2 
t h e  c o n t r o l l e r .  
and measurement noise in 9 2  are avoided in t h e  nonlinear feedback teras. 
i n  K. kf and C by q1d. 
removes t h e  requirement f o r  on-line computation of nonlinear teras in the  c o n t r o l l e r  implementation. 
Law 6 is e x a c t l y  the  computed torque method without  the p r e a u l t l p l y i n g  mass p r t r i x  term descr ibed earl ier .  
The advantages of these  c o n t r o l l e r s  are o f f - s e t  s l i g h t l y  by t h e  condi t iona  iapoaed on 
asymptot ic  s t a b i l i t y  1.e . .  t h a t  K V  be chosen s u f f i c i e n t l y  large f o r  Control Laws 1, 2.9, I ,  5 ,  6 and that both 
Kvand Kp be chosen s u f f i c i e n t l y  l a r g e  f o r  Control LAW 7. 
requirements  can be removed by adapcing these feedback gain. a p p r o o r i a t r l y .  
in t h e  se t -poin t  c o n t r o l  r p p l i c a t t o n  q2d-i d-o . Hence, t h e r e  is conalderable  s i m p l i f i c a t i o n  in t h e  c o n t r o l  
laws r e l a t i v e  t o  t h e  computed torque methoa. i . e . .  the  nonlinear terms vanish  from the  c o n t r o l  lav. 
s i m p l i f i c a t i o n  c a r r i e s  over directly t c  the  adapcive case and provides  s u b s t a n t i a l  s i m p l i f i c a t i o n  in set-point 
c d n t r o l  r e l a t i v e  t o  t h e  recent  adapt ive  c o n t r o l  laws of S l o t i n a  And Li [ i l l  and Paden[lO].  
Nevertheless ,  a b r i e f  account is in ordar  h r e .  
Unlike the computed torque wthod.  howver .  t h y  are not in A form 
rhis preeently appears  to b. 
Control  LAWS 5, 6 and 7 wrs developed 
b l a t i v e  LO tha colputed torque Mthod. C o n t r o l  
In order  t o  overcme this d i f f i c u l t y ,  
in place of the  measured v e l o c i t y  q2 tn t h e  nonlinear tema of 
This "cleans up" the  f e e d b a d  s i g n a l  in the  sense t h ~ t  n o n i d e a l i t i e r  due t o  senaor d . l n u i c s  
Control LAV 7 f u r t h e r  replace.  q1 
This dccouplea the  nonl inear  terms from real- t ime measuremenca. which completely . 
Control 
and Itv f o r  guaranteeln~ 
It will be seen in the adapt ive  caee t h a t  t h e m  
The use of q2d r a t h e r  than q in many of t h e  ncv cont ro l  laws o f f e r s  a d d i t i o n a l  advantages. In p a r t i c u l a r ,  
This 
3 .  A New Class  of Asymptot icr l ly  S t a b l e  Adaptive Control Lava 
All of t h e  new exponent ia l ly  s t a b i l i z i n g  c o n t r o l  laws surmurlred in Table I have t h e  unlque 
property t h a t  can be adapted in real- t ime so aa t o  y i e l d  asymptot ica l ly  stable adapt ive  cont ro l  r y s t c u .  
Furthermore, t h e  adapta t ion  is done in a c e r t a i n t y  equivalence faahion,  1.8.. by simply replacing 
unknown q u a n t i t i e s  in t h e  c o n t r o l  laws by t h e i r  estimates - a a  generated by an appropr ia te  parameter 
adapta t ion  algorithm. In t h i s  section. asymptotic s t a b i l i t y  for t h e  various cont ro l  lava will k 
Proved. and t h e  proper  mechanisms f o r  parameter adapta t ion  will b8 der ived .  
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nu a i q l i c i t y  L 6 t r u c t u n  of tba d a p t i v o  cmtrol rehaor praae0t.l bora 10 t r g o l y  d w  to a 
'linur io th. par.~taro" f o r u l a t i m  of t h o  p m b l r .  lh ia  p a r t i c u l a r  p a r . r c a r i r a t i o a  i a  bacaing 
i n e r a a r i n g l y  popular  io racoot l i t a r a t u r e  (e!. , [O)[lO][U] [19D and w i l l  ba d i w u a d  is mora d a t a i l  
ba lou .  
3.1 Linaar io tha ? a r u t e r a  Formulation 
A u r a f u l  p a r n o t a r i t a t i o n  of tha nont inaar  d y n n i c a l  a q u a t i m a  ar iaam by not ing the following 
r a l a t i o n a  (x, y aod I a r b i t r a r y  vac tora) ,  
where Hc, &. Hk and Hg ara known v t r i x  valued func t ionr  of x. y and x,  and whore Oc. en. 
vactora  of  conatan t  p a r a o t a r a  r e l a t a d  d i r e c t l y  t o  t ~ a  phys ica l  p a r a r t a r e  ( Y ~ W J ,  i n a r t i a a ,  l i n k  
lengrha.  center of ~raritiaa, e t c . ) .  
any hidden "slowly varying" w r t a s  tn tha paraaoter  v e c t o r  d a f t n i t i o n  aod doe. not r a q u i r a  any 
l i n a a r i r r t i o n  of t h a  J y n a i c a l  aqcutiona of motion. 
3.2 
m d  8D at. 
It l a  n p h m i t e d  Chat t h i o  p a r a m t a r i t a t i o n  doaa not contain 
Global Asymptotic S t a b i l i t y  for Adaptation of Control Lave 1. 2. 3.  4 
I n  t h i n  aac t ion ,  g loba l  asymptotic a t a b i l i t y  i a  provad f o r  adapta t ion  of Control Lava 1, 2. 3 and b .  
I n  o r d e r  t o  avoid redundant ana lya i r .  tho d e t a i l a  of tho proof w i l l  ba conaidered only  for Control Law 1, 
M d  the extendon t o  the other c o a t r o l  lava  w i l l  fo l low immdia te ly  by takins advantaga of  tha  u a i f i a d  
treatment of  thoaa c o n t r o l  l a w  givao i n  [l:. 
3.2.1 Asymptotic S t a b i l i t y  
Consider Control  LAW 1. 
Hare. s u p e r r c r i p t  "0" i a  ured. to denote  tho  i d e a l  nonadaptive cont ro l  IAW. 1.e.. the  completely "tunad" 
c o n t r o l  law which wmld be used i f  t h e  p a r l a a t e r a  wra hown exact ly .  Uaing the  linaar i n  t h e  paramoterr 
fOtUUlACim d1~cu.a.d ill !he. 3.1 t h e r e  * X i a t *  U t r i X  Hl(qlr  92. 42dr &) A d  A V e C C O r  Of paraUt.ra 
0 much t h a t ,  
Here, the  parametera i n  8 are conatant  with t i r e  and aro r e l a t e d  d i r e c t l y  t o  physical  l i n k  and payload 
earameters .  When theae parameters  are unknovn. t h e  p a r ~ m e t e r  vector  8 is replaced by i t a  e r t i u t e  
* ( t )  in rea l - t ime t o  give t h e  f o l l o v i n g  adapt ive  c o n t r o l  l a w ,  
u - K p A q l  - K 4 q z  + HI@ 
S u b t r a r t i n g  (3.2)  from (3.6) and rear ranging  give. 
u - 00 + ~ ~ ( i - e )  4 Uo + ~~0 
( 3 . 4 )  
(3 .5 )  
This is an important r e l a t i o n  mince i t  shovs t h a t  t h e  a d n p t i  e - c o n t r o l  i o  equal t o  t h e  nonadaptive c o n t r o l  
p l u s  an express ion  vhich is linear in the  parameter error - 8-8. I 
The proof of s t a b i l i t y  then follow. by chooaing t h e  following Lyapunov funct ion,  
v - vo + 1 T  + ro r - r ' r o  (3.6.) 
T vhere  is t h e  Lyapunov func t ion  f o r  t h e  nonadaptive c o n t r o l  lav  used i n  111, and where r$ is a p o s i t i v e  
d e f i n i t e  f u n c t i o n  i n  the parameter e r r o r  $. 
U*(Aq,) '2 4 Aq,' K n l q l ) ,  
For completeness. Vo is r c v r i t t e n  here ( c f . .  [1],(4.4) where 
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Taking tho dorivativo of V aloog e y e t r  t r a joc to r i ae  .Id 8 u b e t i t u t i q  costrol  l a w  (3.1) givoo up00 
toartanging. 
thoro io i r  tho Lyapuuw funccior, dorivat ivo for tho ~ c u d a p t l v o  cam, end-uhoro tb addition41 t e r u  
involving 4 oa tho r i g h t  bad mido of (3.7) arim dlroct ly  from thm additional t a m  involving + La th 
control l a w  (3.5) and tha Lyapuam function (3 .6)  reepoctiwly. 
Ttm aocond end cbird t a m  of (3.7) are caacrllod eructly by th choice of d e p t a t i o n  law. 
Tho exproemion lor the  rrvining term Vo 10 e b p l  
elso not. that Control Law 1 corroeponde t o  came 
G. . i o  
whore 
oL arbitrary 
t2  arbitrary 
14J 12 (3.9) 
(3. l l c )  
Applying tho 8-ball armnut  of Lrrv 2 .1  LO (3.9) ueing the valuoe of al, 02.  and y 2 l  given in 
(3.10). i t  f O l l O W  that  i f .  
Then, 










t- ' 0  
axiata .ad i a  a f in i t e  n u b a r .  tho0 
11. U ( t )  - 0 . 8 
t- 
lo r  our purpoaee le t ,  
eo tht  
i L - U  
Iocegrating both r ide r  of (3.17) from 0 t o  t.  yie ld#  upon rearranging. 
1: U d t '  2 Vo - V ( t )  
Since Vo ie bounded, and V ( t )  is nonincreaaing and bounded below. it f o l l o w  t h t  
t 
l i m  I U d t '  
t- 0 
Alao, aince l a  bounded, W ( t )  l e  uniformly cootinuoua. Hence, appl ica t ion  of h r b a l a t ' a  L.lu giver. 
1:. v - 0 
t- 




This c a p l e t e m  the proof of a e p p t o t i c  r t a b i l i t y .  fh. proof. howover, ta not a g loba l  one due t o  
Hence. one i a  e m i t t e d  t o  chnoaio8 A par t icu lar  valuo of c in tho 
Of couraa. c can alw8ye be chommn auf f i c i eo t ly  -11 to u t i a f y  the  requiremoot. 
property 2. Le., the value of c which vae not required in C h .  norudaptive caaa now appoara in th. 
p a r n e t e r  adaptation law (3.8). 
adaptive iaplrwotation. 
howver, t he  poaition tracking p e r f o m n c e  determined by tho u g o i t u d e  0:  A 1  in (3.14.) m u ~ t  be compro l i rd  
as A rcmult. 
g(w)  .ad Vo are avai lab la  a-priori .  end the  valua of c CUI bo improved ( i n e r r a d )  on-lioo aa wrc inforutloo 
b o c o r a  ava i lab le .  
h c o r .  since i t  i e  required chat E 1  > 0 and 62 > 0 f o r  a poaitive d e f i n i t e  V (these conditiona can be ahom 
euff fc ien t ) .  
8.nco io prac t ice .  t h e  i 0 i C i . l  choice of c can be o d e  U e h g  whatever bound. on '11. ~ 2 ,  Y .  
It l e  noted t b ~ t  (3.16.) and 0.16b) Impom addi t iona l  conr t re in ta  on hov large c can  
Ih. ~ r y m p t o t i c  a t a b i l i t y  proof preeented abora fo r  adeptation of Control LAW 1. l e  e a s i l y  extended t o  
bince the  correapooding nonadaptive Lyepunov func t ion  der iva t ive#  adaptatloo of Control bwm 2. 3 and 4, 
f o r  them cont ro l  lave are of exactly tho un form am io (3.25) (10. [ I ] ,  Theorem 4-1 fo r  de t a i l s ) .  
For convenieoce. a11 a a p p t o t i c a l l y  s t ab le  adaptive c o o t r o l . l a v ~  diacusaed thue f a r .  and t h e i r  appropriate 
pa r .u t c r  AdaptetiOn laws a r e  aurrrired in Table 11. corresponding t o  carnee 1.a. 2.a. 3.a. and &.a, 
reepoccively. 
An a l t e r o a t i v e  t o  chooring c sufficiently -11 in the above aaymptotic a r a b i l i t y  argument l a  t o  
chooae I, euf f i c i en t ly  la rge .  
& on-line. 
of c indepmdent of the i n i t i a l  c d i c i o o  Vo) aod i a  diacuesed in more d e t a i l  below. 
In th ia  care,  the coodition on c above can be removed co lp lece ly  by adapt ing  
Thia modification inaurea global asymptotic a t a b i l i t y  of the adaptive con t ro l  a y a r a  (:.e., choice 
23 7 
3.2.2 Global h m t o t i c  Stabil i ty-Adaptins KV 
p a r m t e r  using ttu s p u  formulation of Sac. 3.2.1. 
of tho  choice of c on tho in icL.1  condition Vo sad t h i s  colpletes t h  proof of global asymptotic a t a b i l i t y  
for the adaptive case. 
wr i t t en  in adaptive fom. vh.re both 0 and % are adapted i n  r ea l  t i n  1.0.. 
Since the  ve loc i ty  gain Rv en te r s  l i nea r ly  i n  tha cont ro l  law, i t  can be adapted as i f  i t  were an unknova 
It w i l l  be shown that t h i s  appromh removes the  dependena 
Condder Control LAW 1 
u - - K Aq - \Aq2 + ft10 (3.20) P I  
b r a ,  i& i a  e t i n -va ry ing  quan t i ty  which remains to  be apec i f ied ,  and HI is sa defined aarlier in  (3.3).  
T!m w o a d ~ p t i v e  cont ro l  law uo in (3.1) is e u b t r ~ c t e d  from (3.20) t o  give the followins expisasion, 
(3.21) u u0 - AK A + Ul+ 42 
A' wtmrs 4- 15-  % . ~ d  + - 8 - 8 .  
Tha Lyapunov function for the s t a b i l i t y  a ru lye i s  is given as 
&re a new term has been added r e l a t ive  t o  ( 3 . b ) .  quadratic i n  th. error %. 
of V a l o q  s y s t a  t r a j e c t o r i e e  and subs t i ru t in s  cont ro l  1AV (3.21) g ives  upon r ea r r ans ins  
Takins th. der iva t ive  
i - Go + (Aqz + cAql) T Hl+ + + .T f'+ 
+ TRf [66ivT - Aq2(Aq2 + CAql) T 1%) 
The l a t t e r  terms are cancelled exactly by the  choice of p s r a n t e r  adaptation laws, 








In (3.26) and (3.27). a l l  quan t l t l ea  a re  defined exac t ly  aa in (3.12.) and (3.12b) respec t ive ly ,  except  
f o r  Vo which is preaently t h e  i n i c i a l  value of  V In (3.22). 
once again given aa 
Furthermore. the values of E 1  and ~2 are 
An important observation 1s t ha t .  
Hence, fo r  any choice of 6>0. 
(3.29). respectively.  
by appl ica t ion  of h r b a h t ' s  Le- 
equations (3.17) through (3.19). 
>O. there  e x i a t  value. of 0'. 12, and YgT>O (with a ,(Uv) 
s u f f i c i e n t l y  la rge)  auch t h a t  .and (3.27) are s a t i s f i e d .  and El>  , F2>0 in (3.28f and 
Global asymptotic r t a b i l i t y  of t h i s  adaptive cont ro l  scheme then follows h e d i a t e l y  
t o  the Lyapunov function der iva t ive  (3.25). as van done e a r l i e r  in 
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Ttn g10b.l asymptotic s tab i l i ty  of adaptive controllerr bawd on Cwtrol  Law 2, 3 and 4 (where & is 
adapted on-line) follov from an ident ical  arpmOnt, rims fo corrrspoding t o  t& noadaptive L ~ A ~ O V  
function derivatives for  thsrs control lavs  are of e u c t l y  t b  .w tom as 
Theora 4-1 for  dotails). ?or convenience, those A p t i n  control l a w  involving adaptation of r; are 
mumarired in Table 11. corrssponding t o  cases 1.b. 2.b, 3.b, d i.b, rerpactively. 
in th ir  .nalysia  (see (11, 
3.3 Global A o m t o t i c  Stabi l i ty  f o r  Adaptation of Control Lam 5, 6 md 7 
Global asymptotic a rab i l i ty  for  d a p t s t i o n  of Control L.m 5. 6 and 7 can ba proved uring exactly tb. 
mama tschniqusr as applied in Sac. 3.2. 
Lyapunov function derivative VO which arises in sach adaptive control amlyeia  
corresponding t o  cmes 5.a. 5.b. 6.a. 6.b. md 7.a. 7.b. rsapectivoly. 
vhich th eqcutioo nubare in Tabla I1 AI. referenced. 
4. MLd.Pti*O Computed Torque Method 
The only difference l i e s  in sl ight  variations in the noludaptive 
Due t o  space limitations, these proofs have bean a l t t e d ,  but th result. ere sumarirsd in Table 11 
Details can be found in [21], t o  
It vas wntioned ear l ie r  th t  in the computed Corpus wthod ( L e . .  control lav 6 )  the preaenes of the M(q1) 
term prsrultiplying the and 6 gain. complicates the Lyapunov analysis and hinderr moat s b p l e  attempts LO 
U k 4  i t  adaptive. Il.vert 2 elsrr .  the computed torque controller is a mll-knovn control lav  in the l i t e r a t u r s  
urd is videly applied in practice. 
adaptive, and t o  v h ~ t  extent adaptive s tab i l i ty  can be grurantsed. 
case of the coquted torque control l a v  vhich has scalar gain. % and +. Lo. .  
Hence, i t  is useful to  invsstigats under v h ~ t  conditlonr i t  can bs -de 
For t h l r  purpore, va conaider a special 





















It is noted t h a t  for  any c > 0 ,  both k a d  kv can  a c i a y s  ba chosen s u f f i c i e n t l y  l a r g e  so that C DO and 
C p O  (for a p p r o p r i a t e  choice  of f 2 B 0  i n  (4.h). (4.16)). and i n e q u a l i t i e s  (4.13) and (4.14) are s a t i r f i e d .  
Hence, t h e  adapt ive  computed torque  c o n t r o l  l a w  given by (4.2). (4.3) with paremeter a d a p t a t i o n  (4 .6 )  is 
aaymptot ica l ly  s t a b l e  when kp and are chosen s u f f i c i e n t l y  l a r g e .  
(4.14)) t h i a  proof of a s m t o t i c  s t a b i l i t y  is not  g l o b a l  (Le . .  f o r  fixed kp and 14 t h e r e  w i l l  alwsya e x i s t  soma 
VO such t h a t  11 and/or  12 are n o t  p o s i t i v e ) .  
adapt  kp and k, t o  insure g l o b a l  aaymptot ic  s t a b i l i t y  since t h e  c o n t r o l  u in (4.1) is n o t  l i n e a r  i n  the 
parameters  (0, kp, k,). 
Since  'Lp and kv must b. chosen s u f f i c i e n t l y  l a r g e  with r e s p e c t  t o  the initial c o n d i t i o n  VO (c.f., (4.13), 
For t h i s  p a r t i c u l a r  a l g o r i t h .  i t  is p r e a e n t l y  not  c l e a r  h w  t o  
5 .  S-ry and Remarks 
The adapt ive  c o n t r o l  laws der ived  herein. a long  w i t h  t h e  s u f f i c i e n t  c o n d i t i o n s  for s t a b i l i t y  and a p p r o p r i a t e  
parameter Adaptation laws a r e  summarized in Table 11. Severa l  remarks are in o r d e r  a t  t h i a  point  i n  the 
d iscuss ion .  
Remark 5-1  
s i g n i f i c a n t  s i m p l i f i c a t i o n  occurs  in many of these  d e s i g n s  f o r  t h e  spec ia l  c a s e  of se t -poin t  control  (i.8.. 
A l l  adapt ive  c o n t r o l  laws in t h i a  paper  were der ived for  t h e  genera l  t r a c k i n g  c o n t r o l  law. However. 
q2d'ilZd-o) * 
Remark 5-2 The adapt ive  robus tness  i s s u e  remains open. 
given in Table 11, t h e r e  w i l l  be s e n s i t i v i t i e r  t o  noise dis turbances  and umodel lcd  dynamics d i r e c t l y  analogous 
to those which a r i s e  i n  t h e  l i n e a r  a d a p t i v e  c o n t r o l  case. 
t echniques  developed in t h e  l i n e a r  adapt ive  c o n t r o l  l i t e r a t u r e  w i l l  c a r r y  over to  t h e  n o n l i n e a r  adaptive c o n t r o l  
a p p l i c a t i o n .  This  conjec ture ,  however, remains t o  be inves t iga ted .  
Rcmark 5-3 
a p p l i c a t i o n  of t h e  r e c u r s i v e  Newton-Euler computat ional  a lgori thm. 
knowledge of a l l  p h y s i c a l  parameters-more parameters than,are  a c t u a l l y  needed to  c o n t r o l  t h e  system adspf ive ly  
and more thaq a r e  a c t u a l l y  adapted on- l ine  i n  the v e c t o r  B of Table 11. Ilence. t h e  t ransformat ion  frm 8 back 
to p h y s i c a l  parameters  is requi red  in o r d e r  t o  sa lvage  uae of t h e  Newton-Euler a l g o r i t h m  in the  adaptive case.  
However. t h e  t ransformat ion  is g e n e r a l l y  nonl inear  and w i l l  not  lead t o  A unique s o l u t i o n  u n l e s s  fur ther  
c o n s t r a i n t s  are imposed. One t y p i c a l  s e t  of c o n s t r a i n t s  a r i s e s  when only the  payload maas is unknown. In 
t h e  nore general  a d a p t i v e  case ,  it is u s e f u l  t o  n o t e  that a l l  l i n e a r  in the parameters  express ions  can be 
lmplemented d i r e c t l y .  since r e p r e s e n t a t i o n s  of t h e  form RB a r e  assumed t o  be a v r i l a b l e  i n  synbol ic  form. 
Remark 5-4 The c o n t r o l  l a w s  of Table I were derived in [ l ]  for t h e  general  d e s i r e d  p o t e n t i a l  energy funct ion.  
This  f e a t u r e  was dropped in t h e  adapt ive  case  in o r d e r  t o  s i m p l i f y  t h e  analysis .  However. it appear. t h a t  
the  adapt ive  c o n t r o l  laws developed h e r e i n  can be extended t o  t h e  -re general  c a s e  and t h i s  l i n e  of research 
p r e s e n t l y  under i n v e s t i g a t i o n .  
C e r t a i n l y  f o r  parameter a d a p t a t i o n  laws of the f o r a  
IC present ly  appears  t h a t  many of  the robustness  
In t h e  nonadapt ive c a r e ,  many of the  c o n t r o l  l a w s  in Table I1 a r e  i n  a form appropr ia te  f o r  
However, t h e  Newton-Euler algorithm r e q u i r e s  
Remark 5-5 
adapt ive  c o n t r o l  laws a r e  der ived  by choosing u to c a n c e l  var ious  t e r n  in the  Lyapunov func t ion  der iva t ive .  
r a t h e r  than overbounding t h e n  (via Lam 2.1) as was done here. 
g l o b a l  asymptot ic  convergence wi thout  adapt ing g a i n s  
A brief comparison wi th  t h e  recent  r e s u l t s  Paden (101 .ad S lo t ine  and L i  [ll] is uacful. In [ lo]  [11], 
This approach has t h e  advantage of providing 
snd . The cont ro l  laws, however, a r e  by necess i ty  more 
complex than  thore  d e s i g n s  considered here ,  and do n o t  s impl i  P y in t h e  se t -poin t  c o n t r o l  case.  
6 .  Conclusions 
A new c l a s s  of asymptot ica l ly  s t a b l e  adapt ive c o n t r o l  l a w s  is defined by adapt ing  t h e  cont ro l  laws o f  [11 
in a c e r t a i n t y  equivalence fash ion .  
l i n e a r i z a t i o n s  or ad-hoc assunpt ions  concerning the  nonl inear  manipulator dynamics. 
convergence p r o p e r t i e s  can  be made g l o b a l  by a p p r o p r i a t e  adapta t ion  of feedback ga ins .  
e f f o r t s  a r e  d i r e c t e d  at  adapt ive  robus tness ,  computation. and o b s t a c l e  avoidance problems. 
These a lgor i thms a r e  proved t o  be asymptot ical ly  s t a b l e  without approximacioas, 
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